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ABSTRACT 
New expansions for hypersonic slender body theory have been devel-
oped for the ordered limit l>>K-1>>0 , where K = M o is the hyper-oo 
sonic similarity parameter, M is the free stream Mach number and o 
CX) 
~·· 
is a characteristic body slope. This method is obviously relevant to 
aerodynamics at extremely high Mach numbers. The approach generate·s 
closed form solutions which enable the relevant aerodynamic coefficients 
to be obtained through simple quadratures. A detailed application to a 
bi-convex aerofoil is made, including the calculation of lift, drag, and 
pitching moment coefficients. Extension to second order theory is also 
discussed and corrections to the pressure and velocity distributions are 
determined. 
;'-<>-., ·•. 
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l. Introduction 
The space shuttle program, the development of a national aero-
space plane and- of other suborbital vehicles has led to an upsurge of 
interest in hypersonic aerodynamics. Major problems include real ga,,s· 
i 
effects, the modelling of shock wave-boundary layer interactions,and 
the development of efficient numerical algorithms for the overall flow 
field. 
Classical inviscid small-disturbance theory for hypersonic flows, 
in contrast with the subsonic and supersonic cases, is inherently non-
linear (Van Dyke, 1954; Hayes and Probstein, 1967; Anderson, 1989). 
In general·, solutions for slender bodies of aerodynamic interest must 
still be found by using numerical techniques. Approximations based on 
y-+l, where y is the specific heat ratio, lead to some simplifica-
tion especially for bluff bodies (Freeman, 1956, 1961). (This approxi-
mation is usually referred to as Newtonian theory.) Unfortunately, 
Newtonian theory for slender bodies still, in general, requires numeri-
cal procedures for the evaluation of relevant aerodynamic properties. 
Such properties, e.g. the drag coefficient for two dimensional flow 
at zero incidence,have the functional dependence 
( l • 1) 
where 
K = M.o (1.2) 
00 
is the hypersonic similarity parameter, M is the free stream Mach 
. 00 
number, and a is a characteristic body slope. The expression (1.1) 
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I 
-
/· 
J 
is valid only for small-distufbance theory and can be viewed as the 
leading term in a more general expansion 
2 
= CD (K,y) + & CD (K,y) + ••. 
0 2 
( l • 3) 
(Here the error term ignores possible leading edge effects, etc.). 
This thesis i·s concerned with ultra high speed flows in which K 
a 
is also large. The magnitudes of K and cS are assumed to be 
ordered such that 
l o << K << 1 • {1.4) 
In addition, the Newtonian approximation is also made. This leads to 
some simplification in the shock relations. For convenience, the size 
of y-1 is scaled such that 
2 y - l = r& • ( l • 5) 
Consequently, correcti ans to New-toni an theory become part of second 
order theory. 
The major advantage of the limit defined by (1.4) and (1.5) is 
associated with the basic solutions of the small-disturbance equations 
which can now be obtained analyti~)_ly. Typically, (1.3) is replaced 
by 
( l. 6) 
An outline of the basic equations, including the shock relations, 
-3-
• 
is given in Section 2. Included in Section 2 is a presentation of the 
standard small-disturbance theory. The development of this theory 
for K >> 1 and y - 1 = o(l) is described in Section 3. Solutions 
of the expanded small-disturbance equations are presented in Section 4. 
Relevant aerodynamic characteristics are deduced in Section 5 and a 
specific application to a bi-convex aero~il is given. Relative sizes 
of the terms defined b,¥ the expansion in K-2 are considered in Sec-
tion 6. Development of the theory to higher order in & is considered 
in Section 7. 
This new extension of hypersonic small-disturbance theory is 
easily applied, and it suggests possible ways of treating the well 
known detachment problem associated with shock layer separation. 
t 
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2. Small Disturbance Theory 
A simple definition of hypersonic flow is the regime where the 
freestream Mach number is greater than five. Unlike the transition from 
subsonic to supersonic flow, marked by a sonic boom and cessation of up-
stream influence, there is no clearly identifiable feature that can be 
used to characterize flows as hypersonic. 
In classical subsonic and supersonic small-disturbance theories the 
governing equations reduce to a linear form. For subsonic (elliptic) 
flows determination of the flow field requires the solution of Laplace 1 s 
equation. At supersonic speeds the character of the equations changes 
to hyperbolic and the signal is governed by the wave equation. Weak 
shock waves may be present, but their strength is such ·that the flow can 
be viewed as isentropic. Hypersonic flows, however, are inheren.tly non-
1 inear. Although the change in speed generated by a slender body is 
still small compared with the free stream speed, it is not necessarily 
small when compared with the local sound speed. Moreover, leading edge 
shocks are no longer weak. They give rise to finite entropy gradients 
and the assumption of isentropic flow is not permissible. 
Classical supersonic small-disturbance theory is governed by the 
limit 
o + 0 at fixed M00 (2.1) 
where 8 is a characteristic body slope and M is the free stream 00 
Mach number • 
.. 
As M increases the expansion generated by (-2.l) is not 00 
uniformly valid, and it is appropriate to replace (2.1) by the distin-
guished limit: 
-5-
o ~ 0 at fixed K =Mo 
00 
(2.2) 
(Anderson, 1989; Hayes and Probstein, 1967). 
In this thesis only inviscid adiabatic flows will be considered. 
The governing equations, which express conservation of mass, momentum 
and energy respectively, are 
where 
V•(pV) = 0 , 
-
1 (V•V)V = - - vp, 
- ..... p 
r £. + lv2 = r 
y-1 p 2 y-1 
V = (u,v) 
(2.3) 
(2.4) 
(2.5) 
(2.6) 
. 
is the appropriate velocity vector in the cartesian coordinate system 
(x,y), p is the pressure, p is the density and y is the ratio of 
specific heats~ It is assumed that the fluid is a perfect gas with 
p = pRT (2.7) 
where T is the temperature and R is the gas constant. In (2.5) the 
subscript oo describes the upstream state. 
These equations must be solved subject to the body boundary condi-
tion 
y_ = of'(x) on y = of(x) 
u 
and the upstream conditions 
-6-
(2.8) 
, 
U = V
00 
, V = 0 , p = p 00 , P = P 00 (2.9) 
ahead of any leading edge shock. 
The standard shock relations when the shock is at an angle a with 
the free stream direction are: (refer to Figure 2.1) 
Shock Wave 
V Vs M ' PS, PS 1 vs s 00 
Us 
M 
' 
p 
' 
p 00 s 00 00 ~ _., Body 
Figure 2.1 Shock Wave Geometry 
2(M2 sin2s-1) 
00 l ------
{y+ l )M2 
00 
u 
s -
--v 
00 ' 
V 2(M2 sin2s-l)cots 
s - 00 
-
\ V {y+l)M2 ' 
~I 
00 
00 (2.10) 
PS 
-
2y ( M2 sin 2 8-1 ) + l -poo y+l ' 00 
p 
s -
- ------2 2 • ( y-1 ) M sin s+2 
00 
Before discussing the limit (2.2), it is convenient to re-write the 
~ 
equations in di"mensionless form with 
(u,v) = V (u,v), p =pp, 00 00 (x,y) = i(x,y) . (2.11) 
-7-
Equations (2.2) through (2.5) then become 
v· (pV) ~ o , (2.12) 
-
{V·V)V = =~ iiP , 
- - yp 
00 
(2.13) 
y [ + 1- M2V2 = X + r. M2 y-1 - 2 00 y-1 2 00. p 
. 
(2.14) 
The body boundary conditio11 becomes 
-Y = &~'(i) on j = 6~(~) (2.15) 
where 
-f = f/1 (2.16) 
{ 6 is defined as a characteristic body slope, say f'(O) ). In the 
shock relations {2.10) the left hand sides are now replaced by barred 
quantities {i.e. P = f- etc.). 
co 
Standard small-disturbance theory implies that, subject to (2.2), 
the dependent variables in (2.11) can be expanded in the form (Hayes and 
Probstein, 1967) 
2- - -u = l + o u (x ,y) + • • • , 
- - -V = ov ( X ,y) + • • • ' 
(2.17) 
- - -p = p ( X ,y) + • • • ' 
p = p(x,y) + ..• , 
where (x,y) = (x,oy) • (2.18) 
-8-
For simplicity the tilde is omitted in the discussion below. 
From (2.12) through (2.14) it follows that 
ap + a (pv) = 0 , ax ay 
au . au. 
-+ V-ax . ay 
av + v av 
ax ay 
-1 
=--
2 pyK 
~ 
ax ' 
= -1 ~ 
2 ay ' pyK 
I 
I 
Similarly th.e shock relations (2.10) become (s = O(cS)) 
where 
2 
u = -2(µ -1) 
(y+l)K2 
2 
V = 2{µ -1) 
(y+l)µK 
2 (y+l)µ 
' 
' 
p ::; 
2 ' {y-1)µ +2 
K = M o 
00 
' 
is the hypersonic similarity parameter (see (2.2)). In (2.20) 
µ=MS = O(K) 
00 
, is the scaled shock slope. For these variables the body boundary 
-9-
(2.19) 
(2.20) 
(2.21) 
(2.22) 
condition (2.8) becomes 
V = f I ( X) on y = f ( X) • (2.23) 
• 
-10-
I 
3. Newtonian Theory at Large K 
Newtonian flows are the branch of hypersonic flow theory that 
is based on the approximation y - 1 << 1 • Applying this approximation 
to (2.19) reduces the governing equations to 
ap + a(pv) = 0 
ax ay ' 
au + vau = -1 ap 
ax ay 2 ax' pK ( 3. 1 ) 
av + vav = -1 ap 
ax ay 2 ay' pK 
E. = l . 
p 
Similarly the shock relations (2.20), are reduced to 
u = 
-{µ2-1) 
K2 ' 
2 
V = 
{µ -1) (3.2) µK ' 
2 p = µ 
' 
2 p = µ 
• 
The body boundary condition (2.23) remains unchanged. 
In the solution of {3.2) the basic unknowns are p, v and µ. 
The solution for p follows trivally from p, and u can also be 
,q 
found from the solution for p and v. For these equations the solu-
tion depends only on the body slope f and the hypersonic similarity 
parameter K. 
This thesis is concerned with the structure of the solution for 
K >> l • For large values of K, the shock relations suggest that the 
-11-
\ 
\ 
equations be re-written in terms of the dependent variables 
. K2 p =:> p ' V => V ' µ ::;;> Kµ • 
(3.3) 
Under this transformation the continuity and y-momentum equations are 
unchanged in form, i.e. 
ap + a(pv) = 0 
ax ay 
av + vav = -1 ap 
ax ay pK2 ay 
but the shock relations are now 
2 
p = µ ' 
l 
V = µ -
µK2 
on (say) 
y = g(x;K) with µ = g1 (x;K) . 
As before 
v = f'(x) on y = f(x) . 
-12-
{3.4) 
{3.5) 
(3.6) 
{3.7) 
4. Solution for K >> 1 
At large values of K the shock layer, even on they-scale, is 
thin with 
( 4. l) 
across the layer. In describi.ng the layer structure it is convenient to 
introduce a stream function x(x,y;K) based on the original variables 
in (3.1). Consequently, after the transformation (3.3), 
a ·2 EX · 2 ~ = K p , ax = -K pv , ( 4. 2) 
with 
x = y = g(x;K) on the shock, (4.3) 
x = 0 on the body. (4.4) 
Note that, since ~X = 0(1) across the shock layer, (4.2) is consistent 
with (4.1). 
Equations (3.4) now become 
a ( -1) _ K2 a v = 0 ax P ax ' (4.5) 
~ V + ~p = 0 , 
X X 
In addition, it is appropriate to write 
y = f(x) + K-2v(x,x;K) (4.6) 
y = g(x;K) = f(x) + K-2G(x;K) (4.7} 
s 
where Y and G must be obtained as part of the solution. Using these 
-13-
. 
variables it can be established from (4.2) that 
av 
-
- -ax P • 
l (4.8) 
On the shock 
' 
Y = Y (x;K) = G{x;K) , 
s 
(4.9) 
and on the body x = 0 
y = 0 • (4.10) 
Sol ut i ans of the ·farm 
(4.11) 
are now sought. Similarly, it is necessary to write 
(4.12) 
Substitution of these expansions into the shock conditions (3.5), usi_ng 
(3.6) and (4.7),gives 
(4.13) 
apo 
p1 {x,f) ~ 2f'G01 - •G , 
- ax x=f o 
(4.14) 
(4.15) 
-14-
av 
v1 (x,f) = G' - l - 0 •G o f' ax o x=f (4.16) 
etc. Also from (4.9) and (4. 12) 
(4.17) 
(4.18) 
These conditions are supplemented by the body boundary condition 
v0 (x,O) = f'(x) , (4.19) 
v.(x,O) = 0 , i > 1 .• 
J. -
~ 
'-' 
From (4.5) and (4.11) it is easily established that 
(4.20) 
and 
(4.21) 
The solution of the zeroth order system (4.20) is, subject to (4.19) and 
(4.13), 
v0 = f'(x) , (4.22) 
and 
(4.23) 
where the density along the body pb(x} is defined by (4.13) to be 
.. 
-15-
p 
.; 
• 
'· 
p : ( f I ) 2 + ff 11 • b (4.24) 
Hence 
2 p0 = (f') + (f-x)f 11 • (4.25) 
Equations (4.22) and (4.25) define the solution in the (x,x) plane. 
For the physical (x,y) plane, it follows from (4.8) that 
aY 0 l 
=-ax p0 
or, using (4.10), 
-1 xf" Yo = f" £n I 1 - Pb ] • (4.26) 
and, from (4.17), 
-1 ff" Go = fu £n [ 1 - Pb ] • · ( 4. 27) 
Utilizing the shock conditions (4.16) & (4.14),and the body boundary con-
dition (4.19), the solution to the first order system (4.21) in the 
( x , x) pl an e i s 
· and 
I f Ill 
x(Pb - f .. p ) f Ill f" v = in [ l - X ] - b 
l ( f 11 ) 2 Pb p ( p _ X f 11 ) b b 
apo 
p = 2f I G 1 - • G -1 o ax· x=f o 
-16-
X av 
l ax ds .• 
f 
' 
(4.28) 
(4.29) 
The evaluation of the integral in (4.29) is given in Appendix A. 
Using (4.8) the solution is completed by 
X P1(x,s) 
Y = - 2 ds 1 [po(x,s)] 
and, from (4.18), 
G = -1 
0 
1 tn [ 1 - ff" ] • 
(f 1 ) 2f 11 Po 
(4.30) 
(4.31) 
These results for the basic flow are completed by the determination 
of the normalized velocity perturbation u. As in (4.11) 
From (~.l) and (3.3) it is easily established that 
Hence 
or 
au 
-
0 
= -f'f" ax 
• 
u0 = C(x) - } [f'(x)]2 • 
At the shock 
- 2 u - -µ on x = f 0 
-17-
(4.32) 
(4.33) 
(4.34) 
(4.35) 
(note 3.3). · Consequently C(x) is defined implicitly by 
C(f(x)) = - } [f'(x)J2 • (4.36) 
I 
\. 
, 
-18-
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5. Aerodynamic Characteristics 
(i) General Definitions 
The lift, drag and pitching moment coefficients, using the present 
analysis, are given by 
(5.l) 
C = . D = 203 Jl[(p ~ddx) - (p~dd ) Jdx ' 
D l p V2 i O u X fl 2 00 00 
(5.2) 
(5.3) 
where the subscripts u and 1 refer to the upper and lower surfaces 
of the aerofoil. is the previously defined characteristic body slope 
and fl is the length of the aerofoil. 
As noted earlier, the density (and pressure) distribution on the body 
surface is defined by (4.24). Consequently, in regions where ff 11 <0 
it is possible at some x = x , for 0 
The point 
surface. 
(5.4) 
x defines the detachment of the shock layer from the body 
0 
For x>x
0
, the density {afld pressure) on the surface is taken 
to be zero. It is conventional to refer to this detached shock layer as 
a free layer. (Hayes and Probstein,1967) Accordingly, since the detach-
ment point will differ for the upper and lower surfaces, equations (5.1) 
-19-
" 
through (5.3) 
C ·= 2o2 { 
L 
C = 
D 
must 
X 
OR, 
0 
be written 
X 
p dx -R, 
0 
( p.QX.) dx -dx 
u 
0 
OU dx} Pu 
' 
X 
OR. (p~dd ) dx} ' 
X R, 
0 
(ii) Results for the Bi - Convex Aerofoil 
·\, 
(5.5) 
(5.6) 
(5.7) 
The integrals (5.5)~through (5.7) are evaluated for· a bi~convex 
aerofoil at an angle of attack a. The angle of attack will be scaled 
with the characteristic body slope and becomes· 
a:= o./o (5.8) 
Employing (5.8) the upper and lower surfaces of the aerofoil are defined 
respectively by 
f = x(l-x) 
u 
-
- ax, 
(5.9) 
f 1 = -x(l-x) - ~x. 
Use of (5.5) through (5.7) requires that the detachment points x0 , x0 
u R, 
be calculated. From (5.4) and (4.24) these points are defined by 
.. 
(f') 2 + ff 11 = 0 
-20-
...... 
.. 
or, for the upper surface 
X = (l- 13) ( 1-a) o 2 6 u (5.10) 
and for the lower surface 
X = (l- /f)(l+ci) • 
o1 2 6 
(5.11) 
The upper surface result applies only for a<l • If a>l separation 
occurs immediately at the leading edge. For the lower surface,separa-
tion from the aerofoil occurs only for a < 2 + /3- • These relations are 
o·bviously reversed when ~<O. For ease of discussion only positive 
angles of attack will be considered. ( r~ote that as a.+ -a C + -C 
' L L' 
I"")/ rJi/ 
C -+ -C , C -+ C • ) For ; < l it fo 11 ows that M M D D · 
(5.12) 
o3 4 2 
= 3 [ci + 6CX + 1 J , (5.13) 
(5.14) 
For l < ci < 2 + 13 where the shock on the upper surface separates at the 
leading edge 
X = 0 0 ' 
u 
_x0 = (}- ~}(l + ci) 
i 
and as a result (5.5) through (5.7) are evaluated as 
-21-
"· . 
(5.15) 
'· 
~;tL,:··. . _ . \ 
(5.16) 
o3 - 4 CD = 6 ( l +a) , ( 5. 17) 
(5.18) 
Now for a > 2 + 13 the detachment points become 
X = 0 0 ' u 
X = l 0 ' Jl 
(5.19) 
where the shock remains attached to the lower sur~ce. Applying (5.19) 
to (5.5) through (5.7) results in 
(5.20) 
3[-(-2 - )] CD= 26 a a -a+l , (5.21) 
(5.22) 
These results are displayed graphically in Figures 5.1-5.3. The 
lift-drag ratio is shown in Figure 5.4. 
r~ 
-22-
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Figure 5.la: Lift coefficient as a function of the normalized incidence for a bi-
convex aerofoil 
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Figure 5.2a: Drag coefficient as a function of the 
normalized incidence for a bi-convex 
aerofoil 
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Figure 5.3a: Pitching moment coefficient as a 
function of the normalized incidence 
for a bi-convex aerofoil 
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Figure 5.3b: Pitching moment coefficient as a 
function of the normalized incidence 
for a bi-convex aerofoil 
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6. Relative Magnitudes for K2 Expansion 
A comparison of the relative sizes of the terms defined by the 
expansion in K2 is examined using the velocity expansion listed in 
(4.ll). The velocity terms v0 and v1 are 
,. 
V = f I 
0 
f Ill 
V = in 
1 (f")2 
Utilizing a bi-convex aerofoil as an example, (6.1) reduces to 
V = l - 2x 0 
v = 6x(l-2x) 
1 (1-6x+6x2 )(1+2x-6x+6x2 ) 
The results for (6.2) are shown graphically in Figure 6.1. 
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Figure 6.1: 
0.1 
X 
Velocity perturbation terms as a function 
of position on the surface of a bi-convex 
aerofoil 
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7. Second Order Theory 
Higher order theories, i.e. expansions with respect to o, can 
provide useful information on the structure near the detachment point 
(Freeman, 1965). Although the latter aspect of the analysis will not be 
considered here, second order calculations also provide useful estimates 
of the error in the basic approximation. In addition, the present 
approach (K>>l) enables explicit results to be obtained for the second 
order terms. The general form of the expansion is described below. 
Before discussing higher order expansions it is convenient to intro-
duce a stream function x(x,y) , now based on the full continuity equa-
tion, with 
ax ax 
pu = ay' pv = - -a-x ( 7. l) 
where v and y have been normal iz\d with respect to c and all other 
variables are as in (2.11). Using (x,x) as basic independent varia-
bles enables the conservation laws to be written in the form 
av 
ax 
= - l le. 
yK2 ax 
(7.2) 
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Appropriate expansions with respect to have the fo·rm 
(7.3) 
etc., where 
(7.4) 
In (7.4) 
(7.5) 
with respect to the variables used in Section 4. For the analysis given 
.. 
there it was assumed that y-1 = o(l) . Consequently, for ease of dis-
cussion, it is convenient to consider the distinguished limit 
2 y = l + cS r . (7.6) 
From (7.3) it can now be established that the zeroth order rela-
tions are as in Section 4. Terms O(o 2) are governed by 
p 
a ( 2) + 
ax 2 
P.o 
av2 l ap r apo 
-+ 2=---
ax K2 ax K2 ax ' 
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' 
(7.7) 
' 
. (7 .8) 
(7.9) 
and 
(7.10) 
In deriving {7.7) through (7.10) use has been made of the zeroth order 
relations. 
Before expanding the shock relat-ions 1·t is convenient to set 
tans= 09 1 = oµ (7. ll) 
where, to leading order, µ is consistent with the corresponding vari~ 
able defined in {3.3). Again 
2 g(x;K,6) = g0 (x;K) + 6 g2 (x;K) + •.. (7.12) 
so that 
2 µ = µ0 (x,K) + 6 µ2 (x;K) + •.. 
with (7.13) 
µ = g' 
2 2 ' . . . . 
Substitution in (2.10) leads to 
r l 3 l ) 
= - 2 ( µ - 2 ) - µo + ( 1 + 2 2 µ2 ' 
o K µo K µo 
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(7.14) 
(7.15) 
(7.16) 
and 
(7.17) 
Inspection of (7.10), (7.16) and (7. 17) implies that the expansion 
of the second order quantities with respect to K has the form 
~ 2 
p2 = K p20 + 0(1) 
- K4 + o· (K2 ) P2 - p20 . ( 7. 18) 
u2 = u20 + O(K-2) 
v2 = v20 + O(K-2) • 
Substitution in the governing equations and the shock relations leads to 
(retaining only the dominant terms and dropping the second subscripts) 
av2· ap ap 
-+ 2=r ~o 
ax ax ax 
{7.19) 
The shock conditions become 
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J 
-
- -
rµ_o 3 
2. -µ +µ 0 2 
P ( X f) - f "g __ r 2 4 + 2 2 ' 2 - 2iro - µo 110µ2 
(7.20) 
Here µ
0 
= f' (x) and it is easily verified that the solution for p 2 
listed in (7.19) does satisfy the shock condition listed in (7.20). 
The corresponding second order body boundary condition is 
( 7. 21 ) 
Solutions for v2 and p2 are then easily obtained through the suc-
cessive quadratures 
P - rp = -2 0 
0 
X 
0 
a ( r (u +lv2))d- ' 
ax Po o 2 o · x {7.22) 
(7.23) 
Similar relations to these outlined in Section 4 can be deduced for 
the shock slope. In particular write 
(7.24) 
then as earlier 
V 
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. -- - - ... ·_, -- . '..· . .,__-_ 
(7.25) 
and now 
(7.26) 
From (7.26) and (7.18) it follows that (dropping the second subscript) 
or 
Hence, if the shock path is written 
with 
then 
2 y = g (x·K) + o g2 (x;K) + •.• s O ' 
g = G (x) + O(K-2 ) 2 2 
f ( -) p2 X,X 
= - --- dx . 
0 p~(x,X) 
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(7.28) 
(7.29) 
(7.30) 
8. Conclusions 
The closed form representations determined from the expansion in 
K-2 are extremely useful in computing aerodynamic properties. 
The. new expansion procedure can be extended to higher order terms 
in the slenderness parameter, and again leads to simple calculations 
for the evaluation of pressure and velocity perturbations. 
This analysis does provide a detailed description of the behavior 
upstream of shock layer separation. Further work is requ·ired on the 
structure near the initiation of the free layer. 
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APPENDIX A 
p'f"flll 
P1 = 1 { ( P -xf") [ 3 ( f '") 2 - f" frv - b ] 
( fn) 4 b Pb 
+ R. n ( 1 - X f II ) [ ( P -xf II )( f II f IV - 3 ( f .. • ) 2 ) + f" f "' ( P ' - x f ... ) J 
p b . b 
b 
+ p1 f 11 f 111 ] + (l-
b 
(pb'f")2 
xfll) [p" ( fll )2 - 2p I fllf Ill+ ---
pb b b Pb 
p'(f")2 
b ][ flll_ I 
p X Pb 
b 
- 3p 1 f 111 + b 
2f11 ( p~) 2 + ( f I ) 2f 11 
Pb Pb 
-
f" ( pb') 2 2 2f(f 11 ) f 111 
+ f' 
Pb 
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